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ASYMMETRIC 2-COLORINGS OF GRAPHS
ERICA FLAPAN, SARAH RUNDELL, MADELINE WYSE
Abstract. We show that the edges of every 3-connected planar
graph except K4 can be colored with two colors in such a way
that the graph has no color preserving automorphisms. Also, we
characterize all graphs which have the property that their edges
can be 2-colored so that no matter how the graph is embedded in
any orientable surface, there is no homeomorphism of the surface
which induces a non-trivial color preserving automorphism of the
graph.
1. Introduction
The study of asymmetric 2-colorings of graphs embedded in R3 was
originally motivated by the desire to classify the symmetries of non-
rigid molecules. While the symmetries of small molecules are induced
by isometries of R3, large molecules have greater flexibility and hence
some of their symmetries are not the result of a rigid motion. Such
complex molecules can be represented by graphs in R3 where different
colored edges represent different types of molecular chains or differ-
ent types of bonds (see for example the representation of a molecular
Mo¨bius ladder in [8]). Thus results about topological symmetries of
colored graphs in R3 have potential applications to the study of sym-
metries of non-rigid molecules.
For example, Liang and Mislow [5] used colored edges to distinguish
between different molecular chains in their proof that certain families
of proteins are chiral (i.e., topologically distinct from their mirror im-
ages). In particular, after observing that these proteins all contained
one particular embedding of the complete graph K5 or the complete bi-
partite graph K3,3 in R
3, Liang and Mislow [6] showed that by coloring
some edges of these embedded graphs black and other edges grey, the
colored graphs become topologically distinct from their mirror images.
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They then conjectured that these colored graphs would remain topo-
logically distinct from their mirror images even if they were embedded
differently in R3.
Motivated by this conjecture, Flapan and Li [3] proved that in fact
the edges of any non-planar graph can be colored with two colors in
such a way that every embedding of the graph in R3 is topologically
distinct from its mirror image. Furthermore they showed that, with
the exception of the graphs K5 and K3,3, the edges of any non-planar
3-connected graph can be 2-colored so that for any embedding Γ of the
graph in R3, no homeomorphism of (R3,Γ) induces a non-trivial color
preserving automorphism on Γ.
Our current results are stronger than those of Flapan and Li and
apply to both planar and non-planar graphs. To describe our results,
we begin by introducing some terminology. By a graph we shall mean a
simple connected graph. In particular, a graph does not have multiple
edges joining the same pair of vertices nor loops containing only one
vertex. By a 2-coloring of a graph G we mean a coloring of each
edge of G with one of two colors. Such a 2-coloring is said to be
intrinsically asymmetric in a space S if for any embedding Γ of G in S,
every color preserving homeomorphism of the pair (S,Γ) restricts to the
trivial automorphism of Γ. A 2-coloring of G is said to be intrinsically
chiral in an orientable space S if for any embedding Γ of G in S,
there is no orientation reversing color preserving homeomorphism of
(S,Γ). We use the word intrinsic in these contexts to emphasize that
the asymmetry or chirality of the embedded graph depends only on
the coloring of the graph G and the space S and not on the particular
embedding of G in S. Using this terminology, Flapan and Li proved
the following.
Non-Planar Graph Theorem. [3]
(a) A non-planar 3-connected graph G has a 2-coloring that is intrin-
sically asymmetric in R3 if and only if G is neither K3,3 nor K5.
(b) Every non-planar graph G has a 2-coloring that is intrinsically chi-
ral in R3.
We now consider graphs which have the stronger property that their
edges can be 2-colored so they have no non-trivial color preserving
automorphisms (independent of any embedding of the graph in R3). We
can describe this property more succinctly by building on terminology
introduced by Albertson and Collins [1]. In particular, given a graph
G, Albertson and Collins define the distinguishing number D(G) to be
the fewest number of colors needed to color the vertices of G in such
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a way that G has no non-trivial color preserving automorphisms. We
analogously define the edge distinguishing number ED(G) of a graph
G to be the fewest number of colors needed to color the edges of G
so that G has no non-trivial color preserving automorphisms. Though
their focus is on distinguishing numbers rather than edge distinguishing
numbers, Albertson and Collins [1] make the observation that for all
n ≥ 6, ED(Kn) = 2.
Observe that if a graph G has ED(G) ≤ 2, then G necessarily has
a 2-coloring which is intrinsically asymmetric in R3. But one might
wonder whether the converse is true. In particular, can part (a) of
the Non-Planar Graph Theorem be strengthened to show that every
non-planar 3-connected graph G other than K5 and K3,3 actually has
ED(G) ≤ 2? The following example shows that such a strengthening
is not possible.
Let H denote the graph consisting of 27 + 1 copies of K5 which are
pairwise disjoint except along a triangle consisting of the edges e1, e2,
and e3 which all of the copies of K5 share. Observe that H is non-
planar and 3-connected. Now fix a 2-coloring of the edges e1, e2, and
e3, and note that for each K5-subgraph of H , there are 2
7 possible 2-
colorings of the seven edges of K5−{e1, e2, e3}. Since H contains 2
7+1
subgraphs isomorphic to K5, for any 2-coloring of H some pair of these
subgraphs must have identical 2-colorings. Hence any 2-coloring of H
will have a color preserving automorphism which interchanges a pair
of identically colored K5-subgraphs. Recall however, that if we give
H the 2-coloring from part (a) of the Non-Planar Graph Theorem,
then for any embedding Γ of H in R3, no homeomorphism induces a
non-trivial color preserving automorphism of Γ. In particular, even
though there is an automorphism which interchanges two identically
colored K5-subgraphs, no such automorphism can be induced by a
homeomorphism of any embedding of H in R3.
While we cannot strengthen part (a) of the Non-Planar Graph Theo-
rem to show that every non-planar 3-connected graph G other than K5
and K3,3 has ED(G) ≤ 2, in Section 2 we prove the following theorem
which gives the desired result in the case of planar 3-connected graphs.
Theorem 1. Let G be a planar 3-connected graph. Then ED(G) > 2
if and only if G = K4. Furthermore, K4 has no 2-coloring which is
intrinsically asymmetric in R3.
Putting this theorem together with part (a) of the Non-Planar Graph
Theorem, we obtain the following Corollary.
Corollary 1. A 3-connected graph G has a 2-coloring which is intrin-
sically asymmetric in R3 if and only if G is not K4, K5, or K3,3.
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In addition to considering symmetries of abstract graphs and graphs
embedded in R3, we consider symmetries of graphs embedded in ori-
entable surfaces. In particular, for any graph G, we define the surface
edge distinguishing number SED(G) to be the smallest number of col-
ors needed to color the edges of G so that for any embedding of G
in any orientable surface S, no homeomorphism of (S,G) induces a
non-trivial color preserving automorphism of G. Observe that for any
graph G, we have SED(G) ≤ ED(G).
Tucker [9, 10] considered a concept that is related to the surface edge
distinguishing number. In particular, for a given surface S, Tucker
classified all graphs Γ embedded in S such that for some 2-coloring
of Γ, no homeomorphism of S induces a non-trivial color preserving
automorphism on Γ. Thus Tucker’s result fixes an embedding of a given
graph in a given surface and then chooses a 2-coloring of the embedded
graph that makes the embedding asymmetric. By contrast, we are
looking for a single 2-coloring of an abstract graph G, which makes
every embedding of the graph in every orientable surface asymmetric.
Before we state our result about surface distinguishing numbers, we
introduce terminology to refer to some special types of graphs. The
complete bipartite graph on partite sets of n and m vertices is denoted
by Kn,m. The double star graph Sn,m is the graph obtained by con-
necting the vertex of degree n in K1,n and the vertex of degree m in
K1,m by a path consisting of one or more edges. Observe that K1,1 is
a single edge, K1,2 is a path of 2 edges, and S1,1 is a path of 3 or more
edges. Also, Cn represents a cycle with n vertices. In Section 3, we
prove the following theorem characterizing all graphs with surface edge
distinguishing number greater than 2.
Theorem 2. A graph G has SED(G) > 2 if and only if G is a single
edge, C3, C4, C5, K4, K5, K2,4, K1,n with n ≥ 3, or Sn,m with n and
m odd and at least one of n or m greater than 1.
Finally, in Section 4 we characterize graphs which have a 2-coloring
which is intrinsically chiral in every orientable surface. In particular,
we prove the following.
Theorem 3. A graph G has a 2-coloring which is intrinsically chiral
in every orientable surface if and only if G has at least one vertex of
degree at least 3 and SED(G) ≤ 2.
2. Graphs with ED(G) > 2
In order to prove Theorem 1, we will use the following result of
Tucker [9].
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Tucker’s Theorem. [9] Let G be a graph and A be a subgroup of
Aut(G) such that no non-trivial element of A fixes a pair of adjacent
vertices. Then either the vertices of G can be 2-colored so that no
non-trivial element of A is color preserving or G is one of the graphs
K4, K5, K7, O6, or O8.
Note that the octahedral graph On is defined as the graph obtained
from Kn by removing
n
2
disjoint edges. Thus all of the vertices of On
have degree n − 2. Observe that O6 = K2,2,2 is the only graph in
Tucker’s Theorem which is planar and whose vertices have degree 4.
Lemma 2.1. Let G be a graph embedded in an orientable surface S,
and let h be a homeomorphism of (S,Γ) which fixes a vertex v together
with edges e1, e2, e3 incident to v. Then h induces the identity auto-
morphism on G.
Proof. Since h fixes the vertices of e1, e2, e3, h cannot non-trivially
rotate or reflect the edges incident to v. Thus h must fix every edge
incident to v. Also, there is a disk neighborhood D of v in S which is
setwise invariant under h. Define an orientation on ∂D according to
the order in which the edges e1, e2, and e3 intersect ∂D. This gives us
an orientation on S which is preserved by h.
Now let w be a vertex which is adjacent to v. Then h(w) = w and
h(vw) = vw. Since h preserves the orientation of S, h cannot reflect
the edges incident to w. Also, since h fixes vw, h cannot rotate the
edges around w. Thus h fixes every edge incident to w. Since G is
connected, we can inductively see that h fixes every vertex of Γ. 
We will use the following definition in the proof of Theorem 1.
Definition 2.1. Let G be a graph embedded in a surface S. We define
the medial map of G, denoted by M(G), as the graph in S obtained by
placing a vertex, ve in the interior of each edge e of G, and placing an
edge between the vertices ve1 and ve2 if the edges e1 and e2 are adjacent
on the boundary of a face in S −G.
Theorem 1. Let G be a planar 3-connected graph. Then ED(G) > 2
if and only if G = K4. Furthermore, K4 has no 2-coloring which is
intrinsically asymmetric in R3.
Proof. Suppose that G 6= K4. By Whitney’s Theorem [11], since G
is planar and 3-connected, G has a unique embedding in S2. Thus
we abuse notation and refer to this embedded graph also as G. We
begin with some observations about the medial map M(G). By its
construction, since G is embedded in S2, M(G) is also embedded in
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S2; and by the uniqueness of the embedding of G in S2 we know that
M(G) also does not depend on a particular embedding of G in S2.
Furthermore, since G is 3-connected, M(G) cannot have multiple edges
with the same pair of vertices or loops through a single vertex, and
hence M(G) is a graph according to our definition. Also, each edge
of G is contained in precisely two faces of S2 − G. Finally, each face
of S2 − G containing a given edge e has exactly two edges which are
adjacent to e. Thus as illustrated in Figure 1, every vertex of M(G)
has degree 4.
e
face
face
vG M(G)
Figure 1. Every vertex of M(G) has degree 4.
Let A = Aut(G). We know from Whitney’s Theorem [11] that ev-
ery element of A is induced by a homeomorphism of (S2, G). Fur-
thermore, since every homeomorphism of (S2, G) induces an automor-
phism of M(G), we abuse notation and also consider A as a subgroup
of Aut(M(G)).
Now consider an automorphism α ∈ A which fixes a pair of adjacent
vertices x and y of M(G). Let a, b, and c be the vertices of G such
that x is in the interior of ab and y is in the interior of ac as illustrated
in Figure 2. It now follows that α fixes a, b, and c.
x
y
a
b
w
c
d
Figure 2. Every vertex of M(G) has degree 4.
Since the edge ab is in the boundary of precisely two faces of S2−G,
there is a unique vertex w of M(G) which is adjacent to x and is in
the interior of some edge ad of G with d 6= c (see Figure 2). Now since
x, y, a, b, and c are fixed by α, the vertex w must also be fixed by α.
It follows that α fixes the edges ab, ac, and ad of G. It now follows
from Lemma 2.1 that α is the identity automorphism of G. Hence α
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is also the identity automorphism of M(G). Thus the identity is the
only element of A that fixes a pair of adjacent vertices of M(G).
We can now apply Tucker’s Theorem to conclude that since M(G)
is planar and all of its vertices have degree 4, either M(G) = K2,2,2 or
there is a 2-coloring of the vertices of M(G) such that no non-trivial
automorphism in A is color preserving. IfM(G) = K2,2,2, then G would
be K4, which is contrary to our assumption. Thus there is a 2-coloring
of the vertices of M(G) such that no non-trivial automorphism in A
is color preserving. This 2-coloring of the vertices of M(G) gives us a
2-coloring of the edges of G which has the property that no non-trivial
automorphism in Aut(G) is color preserving. Thus ED(G) ≤ 2.
To show that ED(K4) > 2, we only need to consider 2-colorings
of K4 with up to three grey edges, since a 2-coloring with more than
three grey edges is equivalent to the coloring obtained by interchanging
grey and black edges. All non-trivial 2-colorings of K4 are displayed
in Figure 3 along with a non-trivial color preserving automorphism for
each. It thus follows that ED(K4) > 2.
(23)
 1
2 3
 4
 
 
 
 
 
 
 
 
(12)(34)
 
 
1 grey edge 2 grey edges 3 grey edges
1
2 3
4
1
2 3
4
1
2 3
4
1
2 3
4
1
2 3
4
(23)
(24)
(23)
(12)
Figure 3. Every 2-coloring of K4 has a non-trivial color
preserving automorphism.
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In order to prove that no 2-coloring of K4 is intrinsically asymmetric
in R3, we observe that the 2-colorings of K4 illustrated in Figure 3 have
no crossings, and hence can be viewed as embeddings of K4 in S
2. Now
each of the automorphisms in the first two rows of Figure 3 is induced
by a color preserving reflection of S2, which extends to a reflection of
R
3.
For the 2-coloring in the third row of Figure 3, we let Γ denote
the embedding of K4 in a torus T
2 illustrated in Figure 4. Then the
automorphism (12)(34) is induced by a reflection f of T 2 through the
(1, 1)-curve C. Now we embed T 2 as an unknotted torus in the 3-sphere
S3 such that f is induced on T 2 by a rotation h of S3 around C. Let p
be a point on C which is disjoint from the embedded graph Γ. Now h
restricts to a homeomorphism of R3 = S3−{p} which induces (12)(34)
on Γ. 
1
2
3
4
C
Figure 4. (12)(34) is induced by a reflection of the
torus through C.
3. Graphs with SED(G) > 2
We now consider the surface edge distinguishing number. We begin
by proving three lemmas which will be used in the proof of Theorem 2.
Lemma 3.1. Let G be a graph containing a triangle as a proper sub-
graph. If SED(G) > 2, then G is K4 or K5.
Proof. Let v, x, and y be the vertices of a triangle in G. Then without
loss of generality, we can assume that G has a vertex z adjacent to
v which is distinct from x and y. We color the edges of the path
xyvz black and color all of the other edges of G grey. Then any color
preserving automorphism of G must either fix each vertex in xyvz or
interchange x and z as well as y and v. If an automorphism fixes each
vertex in xyvz, then it fixes each of the edges xv, yv, and vz.
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Now since SED(G) > 2, there is an embedding Γ1 of G in some
orientable surface S1 such that a homeomorphism h1 of (S1,Γ1) induces
a non-trivial color preserving automorphism of Γ1. By Lemma 2.1, we
know that h1 must interchange vertices x and z as well as y and v.
Since v is adjacent to x, this means that y is adjacent to z
Next we consider a different 2-coloring of G. This time we color the
path xvzy black and color the rest of the edges of G grey. Using an
argument analogous to the above, we see that there is an embedding
Γ2 of G in an orientable surface S2 such that some homeomorphism h2
of (S2,Γ2) interchanges vertices x and y as well as z and v. Now since
v is adjacent to y, this means that x is adjacent to z. Thus G contains
the K4-subgraph with vertices x, y, z, and v.
Now suppose that G contains an additional vertex p. Since G is
connected, without loss of generality p is adjacent to v. We now repeat
the above argument with p in place of z to show that p is adjacent
to all of the neighbors of v. Thus G contains the K5-subgraph with
vertices x, y, z, v, and p.
By arguing inductively, we see that if G has n vertices then G must
be Kn. However, we know from Albertson and Collins [1] that for all
n ≥ 6, ED(Kn) = 2. Thus G must be either K4 or K5. 
Lemma 3.2. Let G be a graph which does not contain a triangle and
which has a vertex a of degree at least 3 adjacent to at least two vertices
each having degree at least 2. If SED(G) > 2, then G = K2,4.
Proof. Let 1, 2, and 3 denote vertices that are adjacent to vertex a;
and suppose that vertices 1 and 2 have degree at least 2. Then vertex
1 is adjacent to some vertex c which is distinct from a. We color the
path c1a2 and the edge a3 black and color the rest of G grey. Since
SED(G) > 2, we know from Lemma 2.1 that G must have an auto-
morphism interchanging vertices 2 and 3. By repeating this argument
with vertex 1 in place of 2, we see that G has an automorphism inter-
changing vertices 1 and 3. Similarly, every pair of vertices adjacent to
a can be interchanged by some automorphism of G. It follows that all
of the neighbors of a have the same degree.
Next suppose for the sake of contradiction that some neighbor of a is
not adjacent to c. Without loss of generality assume that vertex 2 is not
adjacent to c. Thus vertex 2 is adjacent to a vertex y, which is distinct
from a and c. Note that since G does not contain a triangle, neither c
nor y can be adjacent to a. Now color e = 1c and P = 3a2y black and
color the rest of the edges of G grey, and let f be a color preserving
automorphism of G. Then f(e) = e and f(P ) = P . Furthermore, since
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1 is adjacent to a, and c is not adjacent to either a or 2, we must have
f(1) = 1 and f(c) = c. Now since 1 is adjacent to a but not to 2, we
must have f(a) = a. From this it follows that f fixes every vertex on P ,
and hence fixes three edges incident to a. But now Lemma 2.1 implies
that this 2-coloring of G is intrinsically asymmetric in any orientable
surface in which G embeds. As this contradicts our hypothesis that
SED(G) > 2, we conclude that every neighbor of a is adjacent to c.
Furthermore, by interchanging the roles of a and c, we see that every
neighbor of c is adjacent to a.
Let n denote the degree of a. Then n ≥ 3 and G has n vertices
which are neighbors of a. Since G contains no triangles, none of these
neighbors are adjacent to one another. If G has no vertices that are
not neighbors of a and c, then G = K2,n. Observe that the 2-coloring
of K2,3 on the left in Figure 5 has no non-trivial color preserving auto-
morphisms. Thus if G = K2,n, then we must have n ≥ 4.
1
2
3
a c
1
2
3
4
a c
…
n
Figure 5. Intrinsically asymmetric 2-colorings of K2,3
and K2,n for n ≥ 5
Now suppose that G = K2,n and n ≥ 5. In this case, we color
every edge containing vertex a grey except for a1 and a3 which are
colored black, and we color every edge containing vertex c black except
for c2 and c3 which are colored grey, as illustrated on the right in
Figure 5. Since a is the only vertex of K2,n which is adjacent to at
least three grey edges, every color preserving automorphism must fix
a, and hence also fix the edges a1, a2, and a3. Thus we can apply
Lemma 2.1 to conclude that this 2-coloring is intrinsically asymmetric
in every orientable surface. Hence if G has no additional vertices that
are not neighbors of a and c, then G = K2,4.
Next suppose for the sake of contradiction that G contains a vertex b
which is not a neighbor of either a or c. Since G is connected, without
loss of generality b is a neighbor of vertex 1. Now we can repeat the
above argument with b in place of c to see that b has the same set of
neighbors as a and c. If G has no additional vertices, then G = K3,n
with n ≥ 3, which we will see below is impossible.
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First suppose that G = K3,3 with partite sets {a, b, c} and {1, 2, 3}.
We color a3 and b1c black, and color the remaining edges of G grey.
Now h(1) = 1, since 1 is the only vertex incident to two black edges.
Thus h(a) = a, h(2) = 2, and h(3) = 3. But now Lemma 2.1 implies
that this 2-coloring of G is intrinsically asymmetric in any orientable
surface in which it embeds. Thus we cannot have G = K3,3.
Next suppose that G contains K3,4. We label the partite sets of
K3,4 as {a, b, c} and {1, 2, 3, 4}. Now we color 1a3c4 and a2b black and
color all of the other edges in G grey, and let f be a color preserving
automorphism of G. Then f fixes vertices 1, 2, 3, and a. But now
Lemma 2.1 implies that this 2-coloring of G is intrinsically asymmetric
in any orientable surface in which it embeds. Thus G cannot contain
K3,4. It now follows that G 6= K3,n for any n ≥ 3.
Therefore, if G contains a vertex b which is not a neighbor of a or
c, then it must also contain a vertex d which is not a neighbor of a or
c. Then by the above argument, a, b, c, and d all have the same set of
n ≥ 3 neighbors. But in this case, G would contain a K3,4 with partite
sets {a, b, c, d} and {1, 2, 3}. Since we saw above that this cannot occur,
we must have G = K2,4. 
The following lemma will be used in the proofs of both Theorem 2
and Theorem 3.
Lemma 3.3. Suppose that G is either K1,n with n ≥ 3 or Sn,m with
n and m odd and at least one of n or m greater than 1. Then for any
2-coloring of G and any orientable surface S, there is an embedding Γ
of G in S and an orientation reversing homeomorphism of (S,Γ) which
induces a non-trivial color preserving automorphism of Γ.
Proof. First we consider G = K1,n with n ≥ 3, and suppose that G is
2-colored and S is an orientable surface. Now let Γ be an embedding
of G in S such that the grey edges are grouped together on the left
and the black edges are grouped together on the right as illustrated
in Figure 6. Then there is an orientation reversing color preserving
homeomorphism h of (S,Γ) which interchanges the grey edges on the
top with those on the bottom and interchanges the black edges on the
top with those on the bottom. If the number of edges of a given color
is odd then h will fix one such edge. If there is an even number of edges
of a given color, then h fixes none of the edges of that color.
Next we consider G = Sn,m with both n and m odd and at least one
of m or n greater than 1, and suppose that G is 2-colored and S is an
orientable surface. We will refer to edges with a vertex of degree 1 as
“pendant” edges. Then the number of pendant edges incident to each
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… …
Figure 6. An orientation reversing color preserving
homeomorphism interchanges the top and bottom edges.
vertex is odd. Thus at each vertex, there must be an odd number of
pendant edges of one color and an even number (possibly zero) of pen-
dant edges of the other color. Now let Γ be an embedding of Sn,m in S
such that at a given vertex the odd number of pendant edges of a single
color are in the center and the remaining pendant edges are divided
evenly between the top and the bottom as illustrated in Figure 7. Then
there is an orientation reversing color preserving homeomorphism of
(S,Γ) which interchanges the top and bottom pendant edges of Γ. 
…
…
…
…
…
Figure 7. An orientation reversing color preserving
homeomorphism interchanges the top and bottom edges.
We are now ready to prove Theorem 2.
Theorem 2. A graph G has SED(G) > 2 if and only if G is a single
edge, C3, C4, C5, K4, K5, K2,4, K1,n with n ≥ 3, or Sn,m with n and
m odd and at least one of n or m greater than 1.
Proof. We begin by showing that none of the graphs listed in the
theorem has SED(G) ≤ 2. Certainly, if G is a single edge, then
SED(G) 6≤ 2. Every non-trivial 2-coloring of C3, C4, and C5 (up
to switching black and grey) is illustrated in Figure 8. It is easy to
check that for any embedding Γ of each of these 2-colored graphs in
an orientable surface S, there is a homeomorphism of (S,Γ) inducing
a non-trivial color preserving automorphism on Γ. Thus if G is any of
these graphs then SED(G) > 2.
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3C 4C 5C
Figure 8. Every 2-coloring of C3, C4, and C5.
For the graph K4, the chart in Figure 3 illustrates all possible 2-
colorings. Furthermore, in the proof of Theorem 1 we showed that
each of the 2-colorings in the first two rows of the chart is induced by a
reflection of an embedding of K4 in S
2, and the 2-coloring in the third
row of the chart is induced by a reflection of the embedding of K4 in a
torus illustrated in Figure 4. Thus SED(K4) > 2.
Now we consider the graph K5. In Figure 9 we illustrate all sub-
graphs (including those which are disconnected) of K5 with up to 5
edges. Without loss of generality, for any non-trivial 2-coloring of K5
the black (possibly disconnected) subgraph is one of those illustrated.
Each of these 2-colorings of K5 has at least one automorphism of
order 2. For each coloring, we choose a labeling of the vertices of K5
such that the automorphism (24) or (23)(14) is color preserving. Now
we embed K5 in a torus as illustrated in Figure 10, and observe that
the automorphisms (24) and (13)(24) are each induced by a reflection
of the torus. It follows that SED(K5) > 2.
Next we consider 2-colorings of K2,4. Let v and w be the vertices of
valence 4 and let 1, 2, 3, and 4 be the vertices of valence 2. Suppose that
for some i 6= j, the oriented paths viw and vjw have identical colorings.
Hence K2,4 is colored as illustrated on the left in Figure 11. Then we
embed K2,4 in a sphere as illustrated on the right in Figure 11, and
observe that a reflection through the equator induces the automorphism
(12).
Now suppose that no pair of paths from v to w have the same col-
oring. Hence K2,4 is colored as illustrated on the left in Figure 12. We
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321 4 5
Figure 9. All subgraphs of K5 with up to 5 edges.
1
2
3
4 5
Figure 10. (24) and (23)(14) are induced by reflections
of this embedding of K5 in a torus.
embed K2,4 in a torus as illustrated on the right in Figure 12. Then
the homeomorphism of the torus obtained by composing a reflection
through the circle 1v2w with a translation along the circle induces the
automorphism (vw)(12). Hence SED(K2,4) > 2.
Finally, by Lemma 3.3, if G is either K1,n with n ≥ 3 or Sn,m with n
andm odd and at least one of n orm greater than 1, then SED(G) > 2.
Thus for each of the graphs G listed in the theorem, we have shown
that SED(G) > 2.
ASYMMETRIC 2-COLORINGS OF GRAPHS 15
wv
1
2
3
4
1
2
3
4v w
Figure 11. A reflection through the equator induces
the automorphism (12).
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3 3
Figure 12. The automorphism (vw)(12) is induced by
an orientation reversing homeomorphism of a torus.
In order to prove the converse, let G be a graph with SED(G) > 2.
First suppose that G does not have a vertex of degree at least 3. Then
G must be a cycle Cn or a path. If G is a path whose length is greater
than one, then we can color an edge at one end black and the rest of the
edges of G grey to get a 2-coloring which is intrinsically asymmetric in
every orientable surface. Thus if G is a path, then G must be a single
edge.
Suppose that G = Cn and n ≥ 6. Label the vertices of Cn consecu-
tively as 1, 2, . . . , n. Now color 123 and 45 black and color the rest of
the edges grey. Since vertices 3 and 4 are adjacent but 5 and 1 are not,
any color preserving automorphism of G fixes vertices 1, 2, 3, 4, and
5. Thus G has no non-trivial color preserving automorphism. Hence
again ED(G) = 2 contradicting our hypothesis. It follows that if G is
a cycle then G is C3, C4, or C5.
Next suppose that G has a vertex of degree at least 3. If G contains
a triangle, then by Lemma 3.1, G is either K4 or K5. So we assume
that G does not contain a triangle. If some vertex of degree at least 3
is adjacent to at least two vertices whose degrees are at least 2, then
it follows from Lemma 3.2 that G = K2,4. Thus we assume that every
16 ERICA FLAPAN, SARAH RUNDELL, MADELINE WYSE
vertex of degree at least 3 has at most one neighbor whose degree is at
least 2.
Now suppose that G has precisely one vertex v of degree at least
3. If all of the neighbors of v have degree 1, then G = K1,n for some
n ≥ 3. If precisely one neighbor of v has degree 2, then G is S1,n for
some n > 1. Thus we assume that G has at least two vertices u and v
of degree at least 3. Since G is connected, G contains a simple path P
joining u and v. Since u and v each have at most one neighbor whose
degree is at least 2, all of the neighbors of u and v not contained in
P have degree 1. If G contains a vertex distinct from u and v whose
degree is at least 3, then P contains a vertex w of degree at least 3
in its interior. It now follows that w is adjacent to a pair of vertices
whose degrees are at least 2. As this is contrary to the assumption at
the end of the above paragraph, u and v are the only vertices of degree
at least 3. Thus G = Sn,m, where n > 1 and m > 1.
It remains to show that if either G = S1,n or G = Sn,m where n > 1
and m > 1, then n and m must be odd. Suppose for the sake of
contradiction that at least one of n or m is even. Without loss of
generality, n ≥ 2 is even and the vertex v has n neighbors of degree
1 and one neighbor of degree more than 1. Let e1 be a pendant edge
incident to v. We color e1 black and color all of the remaining edges
of G grey. Now suppose Γ is an embedding of G in an orientable
surface S, and let h be a color preserving homeomorphism of (S,Γ).
Then h(e1) = e1 and h(v) = v. Since there are an odd number of
grey pendant edges incident to v, at least one such edge e2 must be
fixed by h. Finally, the only edge incident to v which is not pendant
must also be fixed by h. Thus by Lemma 2.1, this 2-coloring of G is
intrinsically asymmetric in S. But since S was arbitrary this 2-coloring
is intrinsically asymmetric in every orientable surface, contradicting our
hypothesis that SED(G) > 2. Hence if G = Sn,m, then both n and m
must be odd. 
4. Graphs with Intrinsically Chiral 2-Colorings
We now prove Theorem 3 which characterizes those graphs with a
2-coloring that is intrinsically chiral in every orientable surface. Note
that if a graph G does not embed in an orientable surface S, then G is
vacuously intrinsically chiral in S.
Theorem 3. A graph G has a 2-coloring which is intrinsically chiral
in every orientable surface if and only if G has at least one vertex of
degree at least 3 and SED(G) ≤ 2.
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Proof. First suppose that G has no vertex of degree at least 3. Then
G can be embedded in a circle. Hence regardless of how the edges of
G are colored, G can be embedded in any orientable surface so that it
is pointwise fixed by a reflection of the surface. Thus no 2-coloring of
G can be intrinsically chiral in any orientable surface.
Thus we suppose that G has at least one vertex of degree at least
3 and SED(G) > 2. The proof of Theorem 2 shows that for every
2-coloring of K4, K5, and K2,4, there is an embedding Γ of the colored
graph in a sphere or a torus such that some orientation reversing home-
omorphism of the surface induces a color preserving automorphism on
the graph. Thus no 2-coloring of these graphs can be intrinsically chiral
in every orientable surface.
Now since SED(G) > 2, by Theorem 2, G must be either K1,n with
n ≥ 3 or Sn,m with both n and m odd and at least one of n or m
greater than 1. However, by Lemma 3.3, for any 2-coloring of G and
any orientable surface S, there is an embedding Γ of G in S and an
orientation reversing homeomorphism of (S,Γ) which induces a non-
trivial color preserving automorphism of Γ. Thus again no 2-coloring
of G can be intrinsically chiral in any orientable surface.
To prove the converse, suppose that G has at least one vertex whose
degree is at least 3 and SED(G) ≤ 2. Since SED(G) ≤ 2, there is
a 2-coloring of G which is intrinsically asymmetric in every orientable
surface. Now suppose for the sake of contradiction that Γ is an em-
bedding of this 2-coloring of G in an orientable surface S such that
there is a color preserving orientation reversing homomorphism h of
(S,Γ). Since this 2-coloring is intrinsically asymmetric in S, h induces
the trivial automorphism on Γ.
Now there is a disk neighborhood D of a vertex v of Γ such that
h(D) = D andD contains no vertices other than v. Since the boundary
of D intersects at least three edges, each of which is fixed by h, we
know that h preserves the orientation of D. But this is contrary to our
assumption that h was orientation reversing on S. Hence G must be
intrinsically chiral in all orientable surfaces. 
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